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Abstract 

Let M be a compact irreducible Hermitian symmetric space and write M = G/K, with G 
the group of holomorphic isometrics of M and K the stability group of the point of G M. 
We determine the maximal dimension of a complex projective space embedded in M as a totally 
geodesic submanifold. 
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Introduction 

Let M be a simply connected compact complex manifold carrying an Hermitian metric of 
everywhere nonnegative holomorphic bisectional curvature. In [11] Mok proved that if the second 
Betti number 62 (M) = 1, then M is biholomorphic to an irreducible compact Hermitan symmetric 
space. It was earlier proved by Siu and Yau [14] and Mori [12] that when the above curvature is 
everywhere positive M is biholomorphic to a complex projective space. In each of the three papers 
cited above the existence of a minimally embedded projective line in M plays a crucial role. 

It turns out that such minimally embedded projective lines are totally geodesic in M. In this 
paper we study the maximal totally geodesic complex submanifolds of M which are biholomorphic 
to a complex projective space. We call the dimension of such a submanifold the projective rank 
of M. We calculate the projective ranks of each of the irreducible compact Hermitian symmetric 
spaces. The results are given in Section 5. In Sections 1 through 4 we develop the techniques used 
to make these calculations and in the last section we discuss the degrees of the holomorphic totally 
geodesic maps (/p : — >■ M where r = projective rank of M. We also discuss the conjugacy of 
these max;imal totally geodesic complex projective spaces in M under the action of the group of 
isometries of M. 

We shall make use of the work of Chen and Nagano [5] on totally geodesic submanifolds of 
symmetric spaces. Several authors have studied the question of minimal or energy minimizing 
maps from S"^ to a compact symmetric space. The interested reader may consult [2] and [3] for 
connections with the present paper. It is the recent work of Robert Bryant [18] which motivates 
the author to revive these results which were summarized without proofs in the article [19]. Unlike 
Bryant, the approach taken here is very much an algebraic one with only an occasional nod to the 
topological and analytic methods which underlie many of the foundational results. We thank the 
referee of an earlier version of this paper for pointing out an error in our original discussion of the 
case of the quadrics. 

1 Preliminaries on Hermitian Symmetric Spaces. 

A complex manifold Mq (noncompact) with Hermitian metric h is an Hermitian symmetric space 
or H.S.S. if each point of Mq is an isolated fixed point of an involutive holomorphic isometry of 
Mq. Let Go denote the connected component of the group of holomorphic isometries of Mq. Then 
Go is a connected Lie group which acts transitively on Mq. Fix po € Mq and let K C Go be the 
isotropy group of pq so Mq = Gq/K. We introduce the following notations: 
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go: Lie algebra of Go 

So : involutive isometry having pQ as isolated fixed point 
k : Lie algebra of K 

Qo = k + rriQ : decomposition of go into the +1 and —1 eigenspaces if a = ad(so) 
S = 00 : complexification of Qq 
m = rriQ : complexification of mo 

Qc = k + rric ■ compact real form of q where rric = imo{cf., [7; V 2.1]). 

Let i be a Cartan subalgebra of k. Then t is a Cartan subalgebra of go and Qc and i) = i*^ is 
a Cartan subalgebra of g. In fact, Gq is a connected ccntcrlcss scmi-simplc Lie group. The center 
Z{K) of ii' is a torus whose dimension is the number of simple direct factors of Go and K is the 
centralizer in Go of Z{K). 

Let $ be the f)-root system of g so 

'■ compact roots; i.e., ^-root system of k'^ 
$M : noncompact roots, i.e., {a e ^ : Qa ^ "^j 

z : central element of k such that J=ad{z) induces the complex structure of Mo 

: (ibz)-eigenspace of J on m 
p : k'^ + m~, parabolic subspace of g that is the sum of nonnegative eigenspaces of ad(zz) : 

P: parabolic subgroup of G; i.e., the complex analytic subgroup corresponding to p. 
The following theorem summarizes the major classical results which we will need. Details and 
proofs may be found in [7], [17]. 

Theorem 1.1 Let the notation be as above. Then 

(1) Ifb2{MQ) = 1 then Mq is irreducible, Gq is a compact centerless simple Lie group and K is a 

maximal compact proper subgroup of Gq and Gc and has a 1-dimensional center. 

(2) P is a maximal parabolic subgroup of G, Gc acts transitively on M = G/P and Gcd P = K . 

(3) Mo = Gq/K embeds holomorphically in M as an open Gq- orbit, and M is a compact H.S.S. 

(4) Assume that b2{M) = 1. Let A C $ &e a base for the root system Then there is an a E A 
such that 

P = P{A - {a}) {cf., [10; Section 1]) 
2 



Moreover, the homogeneous line bundle on G/P corresponding to a is ample. Thus G/P 
is projective algebraic. 

Let y C M be a submanifold containing po- Then Y is totally geodesic in M if and only if 
Tp^Y = n satisfies [[n,n],n] C n - i.e., n is a Lie triple system. In this case n + [n,n] is a Lie 
subalgebra of flc- If H is the corresponding analytic subgroup of Gc then H acts transitively on Y 
and Y is again a symmetric space. Note: Y need not be Hermitian symmetric. 

Lemma 1.2 Let X be a simply connected symmetric space and Y G X a totally geodesic sim- 
ply connected submanifold of X. Assume that the connected group of isometrics of Y, Io{Y), is 
semisimple. Then every isometry ofY extends to an isometry of X. 

Proof. Fix y G y and let n = Ty^y be the corresponding Lie triple system. Let a = n + [n,n] 
be the corresponding subalgebra of gx - the Lie algebra of Io{X) where /o(-'^) is the connected 
component of the isometry group of X. Let A C Io{X) be the analytic subgroup corresponding 
to a and Ka = An K, K the stability group in Iq{X) of y. Then by [7, p. 225] Y = A/Ka- In 
particular, there is a natural mapping f3 : A ^ ^0^) St.nd by [7, Remark 2, p. 211] the image is a 
closed analytic subgroup of I{Y). 

Let K' be the stability group of y in I{Y). If 7 € liY) and 7 • 2/ = y', then since A acts 
transitively on Y, there is an /i G A which hy' = y. Thus f3{h)'y G K' . Since Io{Y) is semisimple, 
the Lie algebra k' of K' is spanned by the set 

{Ro{u,v) ■.u,ve Ty^y} 

by [9; Vol. II, XI 3.2(5)]. But for u,v in Ty^y we can write u = df3{u),v = dp{v) with u,v in a. 
Since on X, Ry{u,v)(w) = —[[u,v],w] and Y is totally geodesic, we have 

Ro{u,v){w) =-[[u,v],w] 

= -[mu),dp{v)], w] 

If follows that dp[a, a] = k'. Hence 

d(3:a^ Lie(/o(y)) 

is surjective. Since the image of (3 is closed, (3{A) = Io{Y). 

Now Io{Y) is simply connected to there exists a subgroup Aq C A such that P : Aq Io{Y) is 
an isomorphism and Io{Y) C I{X). This proves the lemma. 
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Corollary 1.3 Let Y he a totally geodesic Hermitian symmetric subspace of the H.S.S. M. As- 
sume that Y and M are compact and that Y is irreducible. Let G' = A{Y) and G = A{M) denote 
the respective linear groups of holomorphic transformations of Y and M. Then there exists an 
isogeny G' — > G' and a homomorphism G' ^ G such that 

Y = G'/P' -^M = GjP 

is the inclusion map. 

Proof. Since the connected groups of holomorphic isometrics Io{Y) and Iq{M) are dense in the 
connected components of G' and G (cf., [7, p. 211]) respectively, the corollary follows readily from 
the lemma. 

Remark. Note that if Y is irreducible and g = A; + m is the Cartan decomposition of the Lie 
algebra of Io{Y) then m generates g, i.e., g = m + [m, m]. 

We give now an alternative description of Hermitian symmetric spaces in terms of C-spaces. 
Let G be a connected complex simply connected Lie group with simple Lie algebra Q of rank L Let 
() be a Cartan subalgebra of g and let $ denote the set of roots of Q so 

= + XI s« 

aG<E> 

Fix a base A = {cti, . . . , a^} for $ and let denote the set of positive roots. Fix a simple root 
Oir, 1 < r < £ and put 

= {a G $ : nr{a) = 0} 
$(n+) = {a e : nr{a) > 0} 
=$iU$(ra+) 
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Define subalgebras of g by 



a 



n 



= 1^ 02 

Then gi is reductive, n+ is nilpotent and n = gi + n"*". Let Qc be a compact real form of g with 
gK n ^/—li)R 7^ (0). Let P be the complex analytic subgroup of G such that Lie P = n and Gc 
the real analytic subgroup with Lie Gc = Qc- Put K = GcC) P. Then Gc acts transitively on G/P 
and induces the structure of a compact complex manifold on the homogenous space Gc/K ~ G/P. 
The irreducible compact Hermitian symmetric spaces are given as follows: 
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(A III) Grassmannians : Gr{r,£ + 1) = {Ai,ar) 
(BDI) Quadric Hypersurfaces: 

^ \ {Di,ai) UN = 2i-2 

(CI) (Q,a,) 
Dili {Di,a^) 
EIII {EQ,ai) 
E VII (^7, 07) 

Note that the group P defined above is a maximal parabohc subgroup - the standard parabohc 
defined by the subset Aj. = A — {a,-} of A. Moreover, K is a maximal compact subgroup of 
Gc and the Levi-factor L of P is the centrahzer in G of = Ker a^. The Lie algebra of L is 
k + ik, k = Lie K. 

A somewhat more concrete description of the classical compact H.S.S. is as follows: (cf., [17, p. 
321]. 

(A III) Grassmannians: Gc = SU{1 + l),K = SU{£ + 1) n {U{r) xU{£ + l- r)}, Gc/K is 
the space of r-dimensional subspaces of C^"*"^ 

(BDI) The nonsingular quadratic hypersurface in P^+^ defined by 

2 2 

Zq + ■ ■ ■ + 2;jv+i = 

Gc = SO{N + 2),K = SO{N) x 50(2) 
(CI) Sp{n)/U{n) cG{n,2n) 

The space consists of n-dimensional linear subspaces of C^** annihilated by a nondegenerate 
skew-symmetric bilinear form. 

(D III) The subvariety Gc/K = SO(2n)/U{n) of the same Grassmannian G(n, 2n) consisting 
of n— dimensional subspaces annihilated by a nondegenerate symmetric bilinear form. 

In the sequel we sometimes want to distinguish between Gr{d^ n) thought of as d-dimensional 
linear subspaces of and as d + 1 dimensional subspaces of C""^^ . In those instances we use 
the notation G(s, V) or G(s, n) for the Grassmannian thought of as s-dimensional subspaces of the 
n-dimensional vector space V. 
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2 Minimal and Linear Embeddings of P^. in Complex Grassman- 
nians. 



Let y be an n + 1 dimensional complex vector space and d a positive integer with n < 2d < 2n. 
Let Gr{d, n) denote the Grassmann manifold of d + 1 dimensional subspaces of V or equivalently 
d-dimensional linear subspaces of P(F) ~ Pg. The manifold Gr{d, n) is Hermitian symmetric 
of type A in. If y is a compact complex submanifold of Gr{d^ n) which has everywhere positive 
holomorphic bisectional curvature then by [12] or [14] Y is biholomorphic to a complex projective 
space. If Y is also totally geodesic in Gr(d, n) then y is a symmetric subspace of Gr{d, n). In this 
section we study such submanifolds Y which have minimal degree in Gr{d,n). 

Let E{d,n) denote the universal subbundle over Gr{d,n) and Q{d,n) the universal quotient 
bundle. Then 

^ E{d, n) Gr{d, n) x V ^ Q{d, n) ^ 

is exact and the fiber over p G Gr{d, n) of E{d, n) — Gr{d, n) is the subspace of V represented 
by the point p. For a holomorphic embedding ip : — > Gr{d, n) we define the degree of to be 

the degree of the line bundle det{(p* (d, n)) where E'"{d, n) is the dual of E{d^ n). As usual for a 
sequence of integers < oq < ai < . . . < < n we define the Schubert variety 0(ao, ai, . . . , a^) as 
follows: Fix a sequence of subspaces 

C Fi C • • • C C P{V) 

with dimV^ = a^. Then 

J^(ao, • • • , Od) = {L G Gr{d, n)| dim(L n Vi) > i} 

The classes of these cycles in H^:{Gr{d,n),Z) generate the homology. Suppose ai = i + I for 
< i < d. Then the Schubert variety ^7(1, 2, . . . ,d, d + 1) is just the set of subspaces L C V which 
are contained in Vd- Hence $7(1, 2,... ,d+l) = Gr{d, Va) = P'^^^ 

The Pliicker embedding of Gr{d, n) is determined by the line bundle det((5(d, n)) = det(£^^(d, n)). 
For any Schubert variety ri(ao, . . . , an) of dimension k we have (cf., [6; p. 274]) 

deg9,{ao, - ■ ■ ,ad) = — — p : • \ \{aj - ai) 

where k = ^Oi— ( 2 ) ' "'"'^ particular for $7(1, 2, . . . , d+l), k = d+1 and degri(l, 2, . . . , d+1) = 1. 
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Now let : P'' — Gr{d,n) be a holomorphic embedding. We say that ip is minimal if 
(p*ci{Q{d,n)) = [Opr(l)] and that (p is linear if (p factors as (po o ipi where (pi : —>■ P''+^ is 
a linear embedding of as a subspace of P''+^ and (po is an isomorphism P<^+^ with a Schubert 
variety ^2(1, 2, • • • ,d + 1) in Gr{d,n). The embedding ip is totally geodesic if p(P''') is a totally 
geodesic submanifold of Gr{d,n). 

Lemma 2.1 Let p : Gr{d,n) be an embedding. Then p> is minimal if and only if it is 

linear. 

Proof. A linear embedding is clearly minimal. Conversely, if (p is minimal then (p*Q is a rank 
n — d vector bundle generated by its global sections. By [13; p. 22], 

= Opi (ei) e • • • e Opi (e„_d) 

with ei > 62 > • • • en-d > 0. Since det ip*Q = C'pi(l) we have ei = 1 and Cj = for i > 1. Now 
consider the pull back of the universal sequence 

^ E{d,n) {Gr{d,n) x C"+^ ^ Q{d,n) 

to P^ We have 

^ E{d,n)\pi ^ C'*+^ X pi ^ Opi(l) e O^-'^-i ^ 

Let {so, . . . , Sji} be a global frame for the trivial bundle C""*"^ x Gr{d, n) such that 7r(sd+2, ■ ■ ■ , 7r(sn) 
span the trivial 0^~'^~^ of pi*Q over P^. For any point x G P^ the corresponding subspace 

C C""^-*^ X P-*^ must lie in the subspace B spanned by (sq, ■ ■ ■ Thus p{P^) C Gr{d,B) 

hence P is linear. □ 

For a line jC in Gr{d, d + 1) ~ pd+i lig^ye a simple description of £ as a Schubert variety. 
Let B = C"^+^. There is a d-dimensional subspace of B such that 

C = {L C B\Bd-i C L} 
= n{0,l,2,...,d,d + 2) 

In particular, if Li, L2 are in £ then 

dim(Li + L2)<d+l + d + l-d = d + 2 

So if Li 7^ L2, Li + L2 = B 

Lemma 2.2 Lei : P^ — ^ Gr{d, n) be a minimal embedding. Then (p is linear. 
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Proof. Let denote two distinct lines in P^. Then there exists subspaces B and B' of C""*"^ 
of dimension d + 2 and subspaces B^-i C B, B'^_-^ C B' of dimension d such that 

^{C) = {L\Bd-i CLCB} 
cpiC) = {L'\B',_, C L> C B'} 

I claim B = B'. Suppose not. Then since CCi C ^ il) there is a common subspace Lq of B and B' 
of dimension d+1. Thus dim(S + S') = + 2 + + 2 - (d + 1) = d + 3 and <^(>C), ip{C') both lie 
in G(d + 1, B") = Gr{d, P{B")) where B" = B + B' . Since B^-i and are both subspaces of 

Lq we can find a basis {eo, . . . , e.d+2} of B" such that the following conditions are fulfilled 

Bd-i = (eo, ■ ■ ■ ,ed_i) 
Ba_i ={ei,...,ed) 
Lo ={eo,...,ed) 
B = Lq + (e^+i) 
B' =Lo + (ed+2) 

Then the subspace Li = (cq, . . . , ed-i^ea+i) is in C and L2 = (ei, . . . , 6^+2) is in C' . Hence 

dim(Li + L2) = c? + 3 

But Li and L2 correspond to points in <^(P^) so lie in a minimally embedded line C" . By Lemma 
2.1 C" is linearly embedded so by the above remark 

dim(Li + L2) = d + 2 

This contradiction leads to the desired conclusion B = B' and hence (^(P^) C Gr{d+ 1,B') so is 
linearly embedded. □ 
Let us fix a basis eg, . . . , e„ of F establishing a fixed isomorphism with C"^"^. Let B CV he the 

subspace spanned by cq, . . . , e^i^i. Then without loss of generality one may assume that a linearly 
embedded P'^^^ has image G{d + 1,B). Restricting the universal sequence to P'^+^ gives 

^ E{d,n)\^d+i C"+^ X P'^+i ^ Q(d,n)|pd+i ^ 

If X G p'^+i then the corresponding subspace lies in B so the n — d — 1 vectors 6^+2, ■ ■ ■ 
thought of as global sections of C""'"^ x P'^+^ map onto global sections of Q{d,n)\j,d+i free from 
relations. This implies that 

Q\pd+i =L® (C"-<^-^ X P<^+i) 

where L is a line bundle. Thus since ci{ip*Q{d,n)) = 1, (p*Q{d,n) = Opd+i{l) © Opd+f~^^- Con- 
versely, if ip*Q{d,n) = © O^^'t^^ we can find ed+2, • • • ,e„ global sections of 0"+ x 
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Gr{d,n) which map onto generators of the trivial factor of Q{d,n)\f,d+i. Extending these to a basis 
Co, . . . , for C"+^ x Gr{d, n) yields C (eo, . . . , ed+i) for each x G P'^+^. 

Theorem 2.3 Let : P'' — ^ Gr{d, n) he an embedding with \ < r < d + 1. Then is minimal 
if and only if it is linear. 

Proof. It suffices by the above remark to show that ip*Q{d, n) = Opd+i(l) (B Opd+f "^'*- Now for 
r = 1 or 2 the Lemmas 2.1, 2.2 yield the result. If2<r<d+lwe have for any line C C P'', 
(f/C is minimal so (p* Q\c = e 0^"""^"^^ It follows that ip*Q{d, n) is uniform - i.e., for each 

£ C P'' ip*Q/jC = Oc{ai) © • • • Oc{an-d) with constant. By Lemma 2.2, ip*Q{d,n) splits on a 
p2 ^ pr ^Yso. Then by a theorem of Horrocks [13, p. 42] ip*Q{d,n) splits over P^ so ip is linear. □ 
The above arguments actually yield a more general result. 

Corollary 2.4 Let Q be a vector bundle on P^ of rank d and generated by n + d global sections. 
If Q is uniform of type (1, 0, ... , 0) then Q splits on P", i.e., Q ~ 0^{1) © Cpl~^' . 

Proof. By hypothesis there exist a surjection 

Let (*): ^ E ^ Opn'^ Q — > be the corresponding exact sequence of locally free sheaves. 
Over P^ C P" we obtain 

^ E\pi ^ c»;+<^ ^ Opi(i) © o^r' ^ . 

It follows that the morphism -0 : P" — Gr{n, n + d) defined by (*) restricts to a linear embedding 
on each P^ C P". The proof of Lemma 2.2 shows that tp is then linear on each P^ C P". By the 
remarks preceding Theorem 2.3 Q = '^*Q{n,d+n) splits on P^ into 0-p{l)®0^^. By the theorem 
of Horrocks [13, p. 42] Q splits over P". □ 
In addition, we can obtain the following restriction on the existence of maps from projective 
spaces into Grassmannians. 

Corollary 2.5 IfK > d+1 then every holomorphic map ip from P^" to Gr{d, n) with ci{(p*Q{d, n)) = 
1 is constant. 

Proof. Suppose K > d + 1 and let W C P^ be a linear subspace of dimension d + 2. If is 
holomorphic map from P^ to Gr{d, n) with ci(^*Q((i, n)) = 1 then for every hyperplane W' C W, 
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the restriction of to W' is a minimal hence Hnear embedding. Suppose Wi and W2 are two 
distinct hyperplanes in W and let Lj be a line in Wi such that Li PI L2 7^ and Li ^ 1^2 , -^^2 W\ . 
We can find Bi C C"+\ i = 1, 2 such that 

^{Wi)=G{d+l,Bi) 

and 5^ C Bi of dimension d such that 

^{Li) = {L e + c L c 5,} . 

Just as in the proof of Lemma 2.2 we can conclude that Bi = B2 = B. It follows that ip{W') C G{d+ 
1, B) C Gr(d, n) for every hyperplane W CW so (p(W) C Gr{d +1,-6). But then dim W = d + 2 
and the only morphism from W = P'^+^ to G{d + 1, ~ p<^+i are known to be constant. □ 
The interested reader may compare the above result with the results of Tango in [15] and [16]. 

3 Some Representation Theory. 

Let X be a compact H.S.S. and Y a totally geodesic compact Hermitian symmetric subspace of X. 
If Y is isomorphic to as H.S.S. , then we have seen in Corollary 1.3 that there is a homomorphism 

p: SU{i + l,C)^G 

where G is the group of analytic automorphisms of X. If X is a Grassmannian, say Gr{d, n), then 
p yields a homomorphism which we again call p 

P:Gy = SL{e + 1, C) ^ SL{n + 1, C) 

so p is a representation of Gy on V = C""*"^. We want to describe these representations when 
2e>n. 

Let Ai, • • • , be the fundamental dominant weights for SL{£+1, C). We fix the maximal torus 
T C SL{i + 1, C) to be the diagonal subgroup and use the standard description of the roots as 
in [8, p. 64]. In particular, if ci = diag((ii, . . . G T the base for the root system (B = upper 
triangular matrices) is given by 

ai{d) = did^_^i 1 < i < n 

and 

Xi = j^ii^ - i + + + + l)Q;i-i + i{£-i + l)ai + i{l - ?)Q;i+i + • • • + ia(\ 
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ioT 1 < i < £. A straightforward computation gives 

Xi{d) = did2 ■■■di. 

4-1 * 

If ei, . . . , e^+i are the standard basis elements for V = C""*" then ei A • • • A GA V is the highest 
weight vector corresponding to Aj. Hence 



deg(Aj) 



n + 1 
i 



Recall that for a dominant weight A = miAi + • • • + m^A^ Weyl's character formula (cf. [7, VII, 
10.2, 11.2]) gives 

degA= i n {X + d,a) \ j J] (<5>«) • 
Following Humphries [ibid] we can use the co-root instead of a. Then for a height r 

(A + (5, a^) = mi-\ h mj+r-i + r 

if a = ai + Oj+i + • • • + Q;j_|_(^_i) is a root of height r and 

(*) degA= I n (A + '5,a^) i / H ('^'"'') 

Proposition 3.1 Let G = SL{£ + 1, C) with £ > 4 and let V be a G-module of dimension d. 
Assume that £ + 1 < d < 2i. Then V contains a trivial G-module of dimension r > d — £ — 1 as a 
direct summand. If £> 5 and £+1 < d < 2{£-\- 1) then V contains a trivial summand of dimension 
r >d-e-l. 

Proof. Let C be a nontrivial irreducible submodule of V with highest weight A = miAi H h 

m^Xi. I claim that mi + - ■ ■-\-m(, = 1. Since (A-|-(5, oi^) = mi + - ■ --l-mj+r-i+r if a = ai + - ■ ■+ai-\-r-i 

e 

it follows that if A > A' in the lexicographic ordering then deg A > deg A'. If A = ^mjAj with 

i=l 

£+l\ ^ . f l+l 



mi> for some index i with 2 < z < ^ — 1 then deg Aj = ^ ^ J. But |^ ^ J > 2{£ + 1) for 
i in this range and i > 4. It follows that rui = if 2 < i < £ — 1. 

Consider now A = miAi + m^X^. Again deg-D > min(degmiAi, degm^A^). If mi > 2 then 

deg(miAi) = mi • 1^"^ • (toi + 2)2*^-3 ••• (mi + £)/A > mi degAi > 2degAi = 2(^ + 1) 

Similarly, if > 2 then deg(m^A^ > 2 deg A^ = 2{£ + 1). Thus the hypothesis d < 2{£ + 1) implies 
mi < 1 and m2 < 1. If A = Ai + A2 then 

degD= ^ ^ ^ 

> 2degAi = 2degA2 = 2{£+l) 
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Hence we get a contradiction unless (mi, 7712) is (1,0) or (0, 1). The proposition now follows. □ 
Proposition 3.1 will be used in Section 5 to determine the projective rank of the Grassmann 
manifolds. 

4 The Chen-Nagano Classification of H.S.S. 

In [5] B. Y. Chen and T. Nagano give a method of classifying compact symmetric spaces in terms 
of certain totally geodesic submanifolds. In this section we summarize their method and in the 
next section apply it to the problem of determining the projective ranks of the compact irreducible 
Hermitian symmetric spaces. 

Let M be a symmetric space, o E M the origin and sq the geodesic symmetry of M fixing the 
point o. A smooth closed geodesic through o, or circle c for short, has an antipodal point p with 
''^oip) = P- Write AI = G/K where G is the group of isometries of M (the closure of the group 
generated by all the symmetries Sg, q G M) and K is the isotropy group of o. Let AI^{p) denote the 
orbit K - p. Then M_|_(p) is a totally geodesic submanifold of M [5 2.1]. Let ap be the involution 
of G given by o-p{g) = Spgs~^. If g = A; + n is the Cartan decomposition of the Lie algebra Q = Lie 
G with respect to ao then ap leaves k stable (sq and Sp commute) and induces the decomposition 

of n into the +1 and —1 eigenspaces of ap. Now [[n_,n_], n_] C n_ so n_ forms a Lie triple 
system. Consider the connected subgroup G_ of G corresponding to the Lie subalgebra A;+ + n_ . 
Let M_ {p) = G- ■ p. Then M_ (p) is totally geodesic in M and the tangent space to M_ (p) at p is 
the normal space to M+(p) at p in M (sec [5, 2.2]). 

Given a pair of antipodal points (o,p) on a circle c in M wc have the system {o,p, M-^-{p), M^{p)). 
The group G acts naturally on the set of all such systems. Denote by P(M) the orbit set. If 
f : B ^ M is an isometric totally geodesic embedding then there arises a mapping P{f) : P{B) 
P{M) induced by the mapping carrying {o,p,B^{jp),B^(jp)) into {f{o),f{p),M+{f{p)),M^{f{p)). 
Moreover, /(S+(p)) C M+{f{p)) and f{B^{p)) C M^{f{p)). We say P(/) is a pairwise totally 
geodesic immersion. The following theorem summarizes the results of Chen-Nagano which we shall 
use. 

Theorem 4.1 [5, Section 5] Let o he a point fixed by K in the compact symmetric space M = 
G/K. For s e G let denote the fixed point set of s. Then 

(1) M*'' — {0} is the set of antipodal points on circles through o. 
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(2) For each p G = {0} there exists an involutive automorphism ad{b), b e K H exp(n) 
such that 

2{i) M+(p) = K{p) is a covering space of K/K^ 

2{ii) M„{p), the connected component of containing p 
is locally isometric with /K^ 

2{iii) the tangent spaces to the totally geodesic submanifolds M+(p) 
and M^{p) are the orthogonal complements of each other in Tp{M). 

(3) The rank of M_(p) equals the rank M and if K is connected, the rank K'^ equals the rank 
of if. 

(4) If a totally geodesic submanifold B of M has the same rank as M then 

(4(i)) P{f) : P{B) P{M) is surjection, / the inclusion 

(4(m)) The Weyl group W{B) of S is a subgroup of W{M) 

(4(Mi)) If W{B) is isomorphic to PF(M), then P(/) is bijective 

(5) M is globally determined by P(M); i.e., The set of isomorphism classes of compact irre- 
ducible symmetric spaces is in one-to-one correspondence with the set of the corresponding P{M). 

The following table gives the pairs M^(p) and M„(p) for the compact irreducible Hcrmitian 
symmetric spaces. In this table T,G^{k,n — k), G^{k,n — k), and G^{k,n — k) denote respec- 
tively the circle, the unoriented real Grassmann manifold SU{n)/ S{0{k) x 0(n — k)), the com- 
plex Grassmann manifold SU{n)/S{U{k) x U{n — k)), and the quaternion Grassmann manifold 
Sp{n)/Sp{k) X Sp{n — k). A determination is outlined in [5, p. 409]. 



M 


M+ 








M- 


Remark 


#P{M) 


AIII{n):G^{p,q) 


G^'iKp- 


-h) 


X G^{h,q 


-h) 


Cf{h,h) X Cf(p-h,q-h) 


Q<h<p<q 


P 


p + q = n 
















BDI ■.G''{p,q) 


G"{h,p- 


-h) 


X G^{h,q 


-h) 


G"{h,h) X G"{p-h,q-h) 


0> h<p<q 


P 


CI{n) : Sp{n)/U{n) 


G{h, n - 


h) 






CI(k) X CI(n - k) 


> fc < n - 1 


n 


DIII{n) : SO{2n)/U{n) 


G^(k,n- 


-k) 






DIH{k) X DIH{n - k) 


< fe < n 


[f] 


EIII 


DIII{5) 








X G^(5,l) 




2 


EVII 


EIII 








X G^(10,2) 




2 



Table 4.2 



4.3 An Example Let M = P£. Then M = SU{n + l)/S[U{n) x U{1)] and rank (M) = 1. All 
geodesies in M are circles, have the same length and are permuted transitively by SU (n -|- 1) [7, 
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VII, 10.2, 11.2]. To find the possible geodesic pairs in M it suffices to consider just one circle. It is 
well-known that any projective line L C (embedded linearly; i.e., of degree 1) is totally geodesic 
in M so we may take the circle c to lie in L. 

Viewing M as the set of n-dimensional subspaces of C""*"^ , L is the Schubert variety 

L = {W e Gr{n,n + 1) : W D Wo, Wo a fixed n - 1 plane} 

Let eo, . . . , e„ be an orthonormal basis for C'*"'"^ such that Wq = (eo, . . . , e„_2). If W £ L and v 
is an element of W then v = wo + ae„_i + 6e„ with wo G Wo- The assignment v i — > [a, b] where 
[a, b] are homogeneous point coordinates in P^. defines an isomorphism of L with P}^. We take our 
circle c to be defined by 

1 1 — ^ (eo, . . . , e„_2, cos(t/2) • e„_i + sin(t/2) • e„} 

Let g e R = S[U{n) X U{1)] n S't5,7(„+i)(eo, . . . , e„„2, e„). Then since Wq = (eo, e„_2, e„) n 
(eo,...,e„_2,e«-i),fi'^o = Wq so R C H = Stsu{n+i){Wo) n S[U{n) x C/(l)]. Hence we have a 
natural surjective map 

Kp = K/R K/H ^ P^-^ 

where K = S[U{n) x ^7(1)]. Since K ■ p is a connected totally geodesic subspace and is a proper 
subspace of M and since P^""*^ is simply connected this map is an isomorphism and K ■ p = P^"^- 
It follows that (M+(p), m_(p)) = (P^~^,5^ ~ P^) is the unique totally geodesic pair for Pg. 

5 Projective Ranks of Compact H.S.S. 

We determine the projective ranks of the irreducible compact Hermitian symmetric spaces in this 
section. We use the classification of Cartan as given in Table 4.2. 

5.1 Type AIII. 

We will show by induction on n that P^^^ embedded linearly in Gr{d,n) is a maximal totally 
geodesic complex projective submanifold of Gr{d,n). If n = 1 there is nothing to prove since 

Gr(0, 1) = P({-. Assume the result is known for all Gr{d',n') with n' < n where n' < 2d' as 
usual. Let be a maximal totally geodesic complex projective submanifold in Gr{d,n). Since 
Gr{d, d + 1) ~ P'^+i is totally geodesic in Gr{d, n) when embedded linearly, K > d + 1. Suppose 
K > d+1. Using Corollary 1.3 we can find a nontrivial homomorphism 

p : SL{K + 1, C) ^ SL{n + 1, C) 
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Since 2d > n, 2K > n. Thus C"+^ must split as an SL{K + l,C)-module by Proposition 3.1. 
Say C"+^ ~ C^+^ e C"-*^. Let G Gr{d,n) correspond to the subspace W ~ C''+^ C C^+^ 
Since K > d + 1, W has codimension at least 2 in C^+^. Hence if P is the stability group of W 
in SL{n + 1, C) and Q = P f^ SL{K + 1, C) then SL{K + 1, C)/Q ~ Gr(d, K) is not a complex 
projective space because K — d > 2. This contradiction implies K = d + 1. Thus the projective 
rank of Gr{d, n) is d + 1. 

Note that the maximal complex projective spaces P^"^^ in Gr{d, n) are linearly embedded, are 
permuted transitively by SU (n + 1, C) and are parametrized by the d + 2-dimensional subspaces of 
C"+\ i.e., by Gr(d + l,n). 

5.2 Type BDI. 

The Hermitian symmetric space 

Qm = SO{m + 2)/SO{m) x SO{2) 
is biholomorphic to the complex quadric in P^^^ 

Qm ■ Zq + zf + ■ ■ ■ + Z^+i = 

We have the following result from Chen-Nagano [4] : 

Theorem 5.2.1 Let M be a totally geodesic complete connected Riemannian submanifold ofQm- 
Then 

1. The embedding of M in Qm is unique up to an isometry of Qm- 

2. If M is maximal in Qm then M is one of the following: 
(i) Qm-'^ 

(a) a local Riemannian product of two spheres x S^, p + q = m 
(Hi) If m = 2n, as Riemannian manifold 

3. If M is not maximal then either M C Qm-i or M C P"'(M) - the real projective space of 
dimension n if m = 2n. □ 

The canonical decomposition of the Lie algebra so{m + 2) is cf. [9, Vol. II, p. 278] so{m + 2) = rj+p 
where 

-A 

ri = so{2) + so{m) = { \ X \ : B e so{m) 

B 
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and 

r/0 -t^ 

P = { \ — tjj \ ■ column vectors in 
The complex structure of p is given by J(^, 77) = (—77, ^). An inner product on p x p is given by 

where (, ) denotes the standard Euclidean product of M" and c is a positive scalar. Both g and J 
are invariant under the adjoint action of i^T = SO{2) x SO{m) represented as 



K = < 



cost^ 


— sm 


sin 


cos 6 















B 



: B e SO{m) 



If R{9) X B is a typical element of k as above and rj) & p - 

xB)i^,n) = iB^,Bn)R{-9) 



where the right hand side is a matrix product. The complex structure is the natural one so that 



\ Vm J 



Thus the action of SO{m) C K is the natural action of SO{m) viewed as a real subgroup of U{m). 
The expression for ad{R{9) x B){^,rj) may be read as 

ad{R{e) X B){^,ri) = {B ■ Z)e-'^ 

where Z is the complex vector with entries + \/— Ir/j. 

Let m C p be a Lie triple system which is J-invariant. Then p = m© m-*- where the orthogonal 
splitting is relative to the standard Hermitian metric on p. Since g is the real part of this metric 
(up to scalar factor 4/c) we have an exclusion of SO{r),r = dimm, into SO{m) and a Lie algebra 
homomorphism so{r) — ^ so{m) compatible with adjoint actions on m C p. This includes an 
inclusion of symmetric pairs 

{so{r + 2), so{r) x so{2)) —>■ {so{m + 2), so{m) x so(2)) 

and it follows readily that the totally geodesic submanifold determined by m is the complex quadric 
Qr imbedded in in some position. 
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Proposition 5.2.2 The only totally geodesic complex submanifolds ofQm are the complex quadrics 
Qr r < m and the complex projective spaces P^, r < [^]. 

Proof. Note that the assertion 2(iii) of 4.2 says that for m = 2n, is a totally geodesic 
submanifold. When m = 2n, let = R^" have a complex structure Jq. Relative to this complex 
structure SU{n) embeds in SO{m). Similarly for R"*+^ = M^"'+^ 2± C""*"^. Any n-dimensional 
complex subspace has a natural induced orientation as a 2n-dimensional real space. Thus G{n, n + 
1) can be mapped to SO{m + 2)/SO{2) x SO{m) as follows: Let ei, . . . ,6^+1 be the standard 
orthonormal base for C""*"^ and for W C C""*"^ an n-plane write C""*"^ = W ® as orthogonal 
direct sum. Orient W so that W and (ei, . . . , e„) have the same orientation - (ei, . . . , e„) and W are 
in the same orbit under SU (n + 1). Then orient W-^ so that W © W-^ has the same orientation as 
ei, . . . , e„+i. Define the image of W to be the oriented 2-plane in SO(jn + 2)/SO{2) x SO{m). 
The Lie algebra of su{n + 1) embeds in so{m + 2) by 

from this one can check that G{n, n + 1) ^ SO{m + 2)/SO{2) x SO{m) is a complex embedding. 
5.3 Type CI. 

Let M = Sp{n)/U{n) be a H.S.S. of type CI. Then M is the subset of G{n,2n) consisting of n- 
dimensional subspaces of C^" which are totally isotropic with respect to a skew symmetric bilinear 
form [17, p. 232]. We take the matrix of this form to be 



-Jn 
Jn 



where J„ is the n x n-identity matrix. 

Let Vi C C^" be the subspace defined hy zi = ■ ■ ■ = Zn = where zi, - ■ ■ , z^n are the usual 
coordinates of C". Let V2 C C^" be the subspace defined by the equations Zi + Zn+i = 1 < i < n. 
Then Vi and V2 represent points in M and Vi H V2 = (0). If we take the base point to be 
Pq = [V^] £ M then M = Gc/K where Gc = Sp{n)/{±l2n) and K = Gcr\{g e Sp{n, C)\gpo = Po}. 
Then 

It follows from this description that M is a totally geodesic submanifold of G{n, 2n). 

According to Table 4.2 we expect that the projective rank of M is n — 1. To see this consider 
L £ G{n - l,Vi). An easy calculation shows that dim(L-^ n V2) = 1 and that W = L® {L^ n V2) 
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is totally isotropic in C^". This induces a morphism G{n — l,n,Vi) — M exhibiting a map 
p : P^~^ — M. In fact, since C^" = Fi © ^2 the above map is just the assignment Lt-^ L + (L-*- D V2) 
for L C Vi an n — 1 plane. Let 512 G Sp{n) be the element such that gi2{Vi) = V2. Then 
SU{n) = SUiVi) acts in Vi © V2 by u(t;i,t;2) = {uvi, gi2ug^2^2)- Under this action SU{n) acts 
transitively on p{G{n — 1), Vi)). Since p is 1 — 1 and SU{n) equivariant, p{G{n — 1,^)) is totally 
geodesic in M. 

Thus the projective rank of CI{n) is at least n — 1. Since M is totally geodesic in G(n,2n) 
the maximal possible projective rank for M is n = pr{G{n,2n)). But if S C C^" is an (ra + 1)- 
dimensional subspace then G{n, B) cannot be contained in M. Indeed, let L C S be completely 
singular of codimension one and suppose B = L + C^. We have L = (this is easily seen for 
L = Vi and since Sp{n) acts transitively the same holds for L) choose codimension 1 subspaces 
Li, . . . , L„ of L such that L = Li + • • • + L„ and put = Lj + {v) C B. If each is completely 
singular then v e L]^ n n • • • fl = (Li + • • • + Ln)"*" = L-^ a contradiction. Thus no G{n, n + 1) 
lies in M and pr{M) = n — 1. 

5.4 Type Dili 

Let M = S0{2n)/U{n) be the H.S.S. of type Dlll(n). Then M may be identified with the sub- 



the form Sn 



Let ex, ... , e2n be the standard basis for and Vi = (ei, . . . , e^). 



manifold if G(n, 2n) consisting of completely singular n-dimensional subspaces with respect to 

In 
In 

^2 = (Cn+i, ■ ■ ■ , e2n)- Then Vi and V2 are completely singular. For L C Vi a codimension one 
subspace, dim(L-'- PI V2) = 1 and L + [L^ n V2) is completely singular. Thus we have a map 



G{n — 1, V\) M which one checks as in 5.3 is totally geodesic. Just as in 5.3, no G(n, n + 1) can 
lie in M which is itself totally geodesic in G(n, 2n). Hence the projective rank of M is also n — 1. 

5.5 Type EIII 

The exception space is M = £^6/'S'O(10) • SO{2). According to Table 4.2, M contains the unique 

symmetric pair M+ = Dili (5), M_ = S*^ x G'^{5, 1). We have seen that for any K the symmetric 
pair for is {¥^-\S'^). As the projective rank of DIII(5) is 4, by [5, p. 409] the pair (P^,^^) 
is totally gcodcsically embeddable in M. It follows that the maximal possible value of pr{M) is 5. 
From the Dynkin diagrams 

0«2 



Ee: O O O O O 

ae 0:5 a4 as ai 
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As: O O O O O 



We see that there exists a nontrivial homomorphism s^(6, C) into Eq. Prom [7, p. 507] the 
Cartan involution for M is induced by the permutation (1,6) (3,5) of the vertices of the Dynkin 
diagram for Eq. Thus ^5 is stable under the Cartan involution. In particular, there exists a Lie 
triple system m C Eq such that m + [m, m] = s£{6, C). This together with the fact from Table 4.2 
that G(5, 1) ~ sits in M tells us that indeed the projective rank of EIII is 5. 

5.6 Type E VII 

Let M = Ej / Eq X SO{2) be the H.S.S. of type E VII. The unique maximal symmetric pair for M 
given by Table 4.2 is 

(M+,M_) = {EIII,S^ X G^(10,2)) 
Since pr{EIII) = 5 we have a symmetric pair 

contained in E VII which suggest pr{EVII) < 6. 
Again by considering the Dynkin diagram for E^ 



Q«2 



E7: 



Q- 



-o 



o 

"5 



-o- 

a4 



-o 

(X3 



-o 

ai 



we sec that Aq is in fact a subalgebra so again wc have si(7, C) C Ei. Since Ej = k ® p with 
k ~ £^6 + "we have (s^(7, C) H kY = s^(6, C) + C. Thus the corresponding totally geodesic 
subspace is of type AIII and is G(6, 7) ~ F^. Hence the projective rank of E'j is 6. Summarizing 
we have the following result. 

Theorem 5.6.1 The projective ranks of the irreducible compact Hermitian symmetric spaces are 
as follows: 

(i) pr[AIII(n,d)] = d, n/2 < d < n 

(ii) pr[BDI(m)j = f^J 
(Hi) pr[CI(n)J = n — 1 
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(iv) pr[DIII(n)] = n - 1 

(v) prfEIIIj = 5 

(vi) prfEVII] = 6. 

6 Degree and Conjugacy Results. 

Let M = G/P be an irreducible Hermitian symmetric space with complex algebraic group of 
automorphisms G and stability group of G M the group P. As a C-space M has a canonical 
ample line bundle Om(1) defined as follows: If P = L • F is a Levi decomposition of P with V the 
unipotent radical of P, then L is the connected centralizer in P of a torus S. Let T be a maximal 
torus in G containing S such that the root system ^ is relative to T. If a is the root which defines 
the C-space, S = (ker a)^ and hence a induces a character on L - the central character - which 
will again be called a : L ^ C*. Let Ea = G Xp C be the corresponding homogeneous line bundle 
on M = G/P. Then Oa/ (1) is the sheaf of sections of Ea- It is known that 0^(1) is very ample 
and we measure the degree of a subvariety Y G M relative to the projective embedding defined by 
this line bundle. 

Suppose / : — > M is a totally geodesic holomorphic embedding with image Y. To find the 
degree of /, or y, it suffices to find the degree of the restriction of / to any projective line L = Pj. 
linearly embedded in P^. With a view toward the conjugacy problem in mind we begin with the 
following well-known result: 

Proposition 6.1 There exists totally geodesic projective lines in M of degree one. 

Proof. We treat each type separately. If M is of type AIII the result follows from the fact that 

G{d, (i + 1) has degree one in Gr{d, n). 

Suppose M is of type BDI. Viewing M as the complex quadric Qn in P^"*"^ we have a natural 
totally geodesic embedding of Q2 in Qn as 

Q2 = {(^0, ^1, Z2, ^3; 0, ... , Q)\zl + zl + zl + zl = 0} 

Consider the holomorphic isomorphism 

P^ X P^ ^ Q2 

given by 

UqVo + UqVi UqVi — UqVo UiVq — UiVi UiVq + UiVi 

2 ' 2i ' 2 ' 2i 



[uo,ui] X [vo,vi] A 
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The image of the hne x [0, 1] is 

L = {[uQ/2;uQ/2i;uQ/2i;ui/2;ui/2i]} 

which clearly has degree one in the ambient projective space. By Mok [11, Section 1], L is totally 
geodesic in Q2 hence the proposition holds for Qn in general. 

Now suppose M is of type CIII say M = SP{n)/U{n). As in Section 5 we view M as 
n-dimensional completely singular subspaces of C^". With Vi and V2 as in the last section we 
consider the mapping 

^ G(n, 2n) 

given by ['UO)'"i] ' — ^ (ei,... jCn-ijUoe^ + uie2n)- It is easily verified that the image lies in M. 
Since the image also lies in G(n, B) where B = (ei, . . . , e„, e2n) it readily follows that the degree of 
the image is one and, by Mok [ibid] again, the image is totally geodesic in M. When M is of type 
Dili a completely analogous argument leads to the desired conclusion. 

Finally, the exceptional cases EIII and EVII follow from the descriptions of the maximal to- 
tally geodesic complex projective spaces in these manifolds corresponding to the embeddings of 
s£(6, C) and s£(7, C) and the fact that the central characters in these cases restrict appropriately 
to C>pj;(l),r = projective rank of EIII (respectively EVIII). □ 

One might hope that the calculation of the degree of / could be accomplished using the above 
proposition. Unfortunately this is not the case. Moreover, the degree of a totally geodesic embed- 
ding P|, — M is not a constant function of s. The point is made with the following: 

Example 6.2 There exists a totally geodesic holomorphic embedding of P^^ into Q2 of degree 2. 
Consider the subalgebra a ~ so(3) of so(4) consisting of matrices 



A 




1^ e so(3) 



Then a is stable under the cartan involution 6 of Q2- If m{a) C n is the (— l)-eigenspace then 



m{a) 



-a 

0-60 

a 6 





so m(cr) is also J-stable. The corresponding totally geodesic submanifold for this Lie triple system 
is therefore a complex submanifold. Consider the two elements Xi and X2 of a; 



0-10 

10 




and X2 





0-10 

10 
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with p = [1, i, 0, 0] as base point in Q2 
The geodesies given by ci = 7r[exptXi] • p and C2 = 7r(exptX2) • p are 

ci = {[l,icosi, isint, 0] | t G M} 
C2 = { [cos t, i, sin 0] | t G M} 
These curves he on the algebraic curve 

Z3 = Zq + zf + Z2 = 

in which is the image (up to hnear automorphism in P^) of the Veronese map of degree 2 mapping 
Pj; into the plane Z3 = in P^. In particular, we have a totally geodesic complex projective line 
embedded in Q2 having degree 2 and not 1. □ 
We turn now to the spaces of type CI. Let Vi and V2 be the subspaces of C^" given in Section 
5.3. We have a morphism 

(6.3) p:G{n- 1, Vi) x G(l, V2) ^ Gin, 2n) = G(n, Vi + V2) 

given by p{L, £) = L + £. From the definition of the universal subbundle on G{n, V\ + V2) is follows 
easily that p*{E{n, Vi + V2)) = PiE{n — 1, Vi) ^2-^(1, V2) where Pi denotes projection onto the 
z-th factor. 

Consider the morphism / : G{n—1, Vi) — G(l, V2) given by f{L) = L^nV2. Let Z be the graph 
of this mapping in G{n — 1, Vi) x G(l, V2). Then p{Z) is precisely the totally geodesic submanifold 
of M given in 5.3. We want to compute the degree of the map f = pofi where /i : G{n — 1, Vi ) Z. 
More precisely we compute the determinant of the bundle [f*E{n,Vi + 1^2)]^. Since p*E{n,Vi + 
V2) = p\E{n - 1, Vi)®plE{l, V2) it follows that /*S(n, V1 + V2) = fME{n - 1, Fi) © fME(l, V2). 
Evidently, flp\E{n — 1,14) = E{n — l,Vi). Now £'^(1,V2) is the line bundle corresponding to 
C(l) on G(l, V2) — lPc~^ ^^"^ hence is generated by n-global sections. Thus /fp2-^(l, V2Y is a line 
bundle on G(n — 1, Fi) c± P^~^ generated by n-global sections so flp^Eil, F2) — £>(—!) • It follows 
that f*E{n, Vi + V2) ~ E{n - 1, Vi) Q(n - 1, V^Y . Hence 

det[f*E{n,Vi + V2)Y = det[S(n - 1, ^1)^ Q(n - 1, Fi)] 

= 0(1)0 0(1) 
= 0{2) 

An entirely analogous argument shows that if M is of type Dili, then the degree of the embedding 
given in 5.4 is also 2. Summarizing we have 

Proposition 6.4. Let M he an irreducible compact Hermitian symmetric space of type CI or 
DHL Let Y C M be a totally geodesic complex submanifold biholomorphic to Pjp, r = pr{M). Then 
deg(y) > 2. 
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Proof. We have only to show that the case deg{Y) = 1 cannot occur. If deg{Y) = 1 then 
by Theorem 2.3 there is an (n + l)-dimensional subspace B C C^" such that y is a hyperplane 
in G{n,B). Such a hyperplane consists of all n-dimensional subspaces of B containing a fixed 
line, say C • v. But v must be isotropic in this case. As we have noted in 5.3, B itself cannot be 
totally singular. Thus there exists w £ B with J{w, w) ^ 0. The subspace spanned by v and w 
is contained in an n-dimensional subspace of B so there exists at least one such n-plane which is 
not totally isotropic. It follows that no hyperplane in G{n, B) can be contained entirely in M and 
hence deg(y) cannot be one. □ 

Our next goal is to show that in fact the degree of Y is precisely 2 when M is of type CI 
or DHL We will need a closer examination of totally geodesic complex projective subspaces of 
G(n, 2n) of dimension n — 1. Let Y C G{n, 2n) be such a submanifold. Then by 3.1 there exists a 
homomorphism p : SU{n,C) SU{2n,C) and a corresponding map SL{n,C) SL{2n,C). Let 
Wq C C^"" be a fixed ra-dimension subspace with orbit under SU{n,C) isomorphic to IP^"^- Let H 
denote the isotropy group of Wq in SU{n, C). Then SU{n, C)/H ~ P^-\ 

Lemma 6.5. Let R be a compact subgroup of SU{n, C) and suppose SU{n, C) /R is biholomorphic 
to Then R is conjugate to S[U{n-l) x U{1)] in SU{n,C). 

Proof. Identify P^"^ with G{n - l,n) so that S[U{n - 1) x U{1)] is the stability group of a 
point. Then R C S[U{n — 1) x C/(l)]. By [35, Theorem G.lii)] R is a maximal connected proper 
subgroup of SU (n, C) so the desired equality follows. □ 

The SU{m, C)-module C^" decomposes as a direct sum Vi V2 with dim Vi = n and V2 = V-^. 
Since H = S[U{n— 1) x ^7(1)] 2± SU{n — 1) is reductive each Vi decomposes as a sum of irreducible 
iJ-modules: 

Vi = Wi® Li, dimWi = n-l, dim Li = 1 
Thus C^" decomposes as i7-module 

C^" = Wi®Li®W2®L2 

Now the submodule Wj is i?-stable and not fixed by SU (n, C) so Wq c::l Wi ® Lj i j as 
i?-modules. More precisely we have an element r G HomH-m,od(Wi ® Lj,C'^'^) with image Wq. 
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Suppose for definiteness that i = 1, j = 2. Then 

HomH-mod{Wi(BL2,C^''') 

i=l,2 

~ J] [HomH{Wi,Wi) X HomH{Li,Li)] 

i=l,2 

By Schur's lemma r must be of the form t{w,£) = {(5w,0,0,a,£) with a,/3 G C*. Thus Wq = 
Wi © L2 as i7-module. 

From this last equality we see that an element g in SU (n, C) maps Wq into gWi © 5-^2- It now 
follows that the orbit map Wq gWo of SU{n, C) into G{n, 2n) is the same as the map described 
in 6.3 and hence deg(F) = 2 as desired. □ 

We put the above calculations together and summarize the findings in the following results. 

Theorem 6.6. Let M he an irreducible Hermitian symmetric space with connected isometry 
group Gq. Let Y be a totally geodesic complex projective subspace of M,Y ~ P^, with r = pr{M). 
Let d be the degree ofY in M. Then 

(i) d=lifM is of type AIII, EIII, or EVIL 

(ii) d = 2ifM is of CI or DHL 
(Hi) d = 1 or 2 if M is of type BDI. 

Moreover, all such submanifolds F of M of minimal degree are conjugate under Go- 
Proof. The assertions in (i) and (ii) have already been established. As to (iii), by the discussion 
preceding 5.3 we see that each totally geodesic Pj. is contained in a complex quadric (^2 — ^ ^c- 
Now Q2 C P^ as the hypersurface Zq + + + = 0. Since Pj^ is a complex submanifold or 
Q2, its embedding in P^ must be by a complete linear system H^{F^,Op, (d)). If d > 2, then the 
forms of degree d cannot satisfy the single quadratic relation above and yield an embedding so d is 
at most 2 and (iii) follows. 

As for the conjugacy assertion, again in the case of type AIII this follows immediately. If 
M is of type BDI, then we need only consider Q2 C M. Then the result follows from the fact 
that S'0(4,M) permutes the two-dimensional J-invariant Lie triple systems in Tq,Q2 and clearly 
preserves the degree. 

To treat the types CI and Dili we make use of the following: 
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Lemma 6.7. Let M be a compact irreducible Hermitian symmetric space of type AIII, CI or 
Dili and j : Pj. — ^ M a totally geodesic holomorphic isometric embedding of degree one. Then 
every geodesic circle in j(Pc) has minimal length. 

Proof. Since CI and Dili are totally geodesic in AIII it suffices to prove the result for M = 
G{d, n). For G(d, n) the image of j is contained in G{d, d + 1) and a geodesic circle is given by (see 
example #3) 

1 1 — ^ (eo, . . . ,ed_2, (cost/2)ed_i + (sint/2)ed) 

< i < 27r. One checks easily that this has minimal length in G{d,n) and the lemma follows. □ 

By [7, VII, 11.2] the closed geodesies of minimal length in M are all conjugate. Now in the case 
of CI(n) or Dlll(n) we can consider the geodesic (in the notation of 5.3) 

1 1 — s- (ei , . . . , e„_i , (cos t/2)en + (sin i/2)e2„) 

The mid-point corresponds to the subspace (ei, . . . , e^-i, ee2n) and the orbit under SU{n,C) is 
precisely 

{W®L\W C C Fi^} 

i.e., the image of the map in 6.3. Since the closed geodesies in M are conjugate so are the subman- 
ifolds which arise from 6.3, 6.4. 

Finally, we discuss the exceptional types EIII and EVIL In each case according to Table 4.1 
there exists a unique Hermitian pair (M_|_,M_). Considering first the case EIII, 

(M+,M_) = {DIII{5),S^ X G(l,6)) 

If Yi,Y2 are the images of two totally geodesic embeddings of in M, then we may first assume 
(yi+,yi_) = (12+,^-) by the result for DHL Then Yi and Y2 meet along a hyperplane and have 
the same normal space in EIII so coincide. 
If M = EVII, then 

(M+,M„) = {EIII,S^ X G^(12,2)) 

Again for 11,12 images of totally geodesic maps from P^ into M we may assume (li_|_,li_) = 
(I2+, I2-) so Yi and I2 meet along a P^ and have the same normal space in EVII so coincide. This 
completes the proof. 
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